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Problem 1

Let X be a topological space, and let

∆X = {(x, x) : x ∈ X} ⊆ X × X

be the diagonal.

(a) Prove that X is Hausdorff if and only if ∆X is closed in X × X.

(b) Suppose that X is Hausdorff and that f, g : Y → X are continuous. Prove that their
equalizer

Eq(f, g) = {y ∈ Y : f(y) = g(y)}

is closed in Y .

Problem 2

Let q : X → Y be a surjective map, and equip Y with the quotient topology induced by q; thus,
a subset U ⊆ Y is open if and only if q−1(U) is open in X.

(a) Let Z be a topological space and let g : Y → Z be a map. Prove that

g is continuous ⇐⇒ g ◦ q is continuous.

(b) Let f : X → Z be continuous and suppose that f is constant on the fibres of q, meaning
that

q(x) = q(x′) =⇒ f(x) = f(x′).

Prove that there is a unique continuous map f : Y → Z such that

f = f ◦ q.

If q is not surjective, are the above two claims still true?

Problem 3

Let {Xi}i∈I be a family of topological spaces, let

P =
∏
i∈I

Xi,

and let πi : P → Xi denote the coordinate projections.

(a) Prove that the product topology on P is the coarsest topology for which every projection
πi is continuous.
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(b) Let Y be a topological space and let f : Y → P be a map. Prove that

f is continuous ⇐⇒ πi ◦ f is continuous for every i ∈ I.

(c) Given continuous maps fi : Y → Xi for every i ∈ I, prove that there is a unique continuous
map

f : Y −→
∏
i∈I

Xi

satisfying πi ◦ f = fi for every i ∈ I.

Problem 4

Let X be a topological space.

(a) Let {Aλ}λ∈Λ be a family of path-connected subspaces of X such that⋂
λ∈Λ

Aλ ̸= ∅.

Prove that
⋃

λ∈Λ Aλ is path connected.

(b) Deduce that if A, B ⊆ X are path connected and A ∩ B ̸= ∅, then A ∪ B is path connected.

(c) Prove that a finite product of nonempty path-connected spaces is path connected.

Problem 5

(a) Let A be a connected topological space and let f : A → Y be continuous. Prove that f(A)
is connected.

(b) Prove that every path-connected topological space is connected.

(c) Fix x ∈ X and define

Cx =
⋃

{A ⊆ X : A is connected and x ∈ A}.

Prove the following statements:

(i) Cx is connected;

(ii) every connected subset of X containing x is contained in Cx;

(iii) if Cx ∩ Cy ̸= ∅, then Cx = Cy;

(iv) Cx is closed in X.
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